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Abstract

Prediction of transition metal oxide BO2 (B = Ti, V, etc.) polymorph energetic

properties is critical to tunable material design and identifying thermodynamically

accessible structures. Determining procedures capable of synthesizing particular poly-

morphs minimally requires prior knowledge of their relative energetic favorability. In-

formation concerning TiO2 polymorph relative energetic favorability has been ascer-

tained from experimental research. In this study, the consistency of first-principles

predictions and experimental results involving the relative energetic ordering of stable

(Rutile), metastable (Anatase and Brookite), and unstable (Columbite) TiO2 poly-

morphs is assessed via Density Functional Theory (DFT). Considering the issues in-

volving electron-electron interaction and charge delocalization in TiO2 calculations,

relative energetic ordering predictions are evaluated over trends varying Ti Hubbard

U 3d or exact exchange fraction parameter values. Energetic trends formed from vary-

ing U 3d predict experimentally consistent energetic ordering over U 3d intervals when

using GGA-based functionals, regardless of pseudopotential selection. Given pertinent

linear response calculated Hubbard U values, these results enable TiO2 polymorph

energetic ordering prediction. Hybrid functional calculations involving Rutile-Anatase

relative energetics, though demonstrating experimentally consistent energetic ordering

over exact exchange fraction ranges, are not accompanied by predicted fractions, for a

first-principles methodology capable of calculating exact exchange fractions precisely

predicting TiO2 polymorph energetic ordering is not available.

Keywords: formation energy, linear response theory, transition metal oxide, Hub-

bard model, PBE0, HSE06

Introduction

Transition metal dioxides characterized as BO2 are used in applications that involve sup-

portive substrates in CO oxidation processes,1–3 photocatalysis,4,5 electrochemical water

splitting,6,7 electrode coating and doping,8–10 gas sensing for controlling engine fuel con-
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sumption,11,12 and cleaning automative exhuast,13,14 and electronic devices.3,15 In several

of the applications that are listed above and others,16–18 the accurate characterization of

properties, such as band gap19,20 and the temperature and pressure dependence of phase

stability,21,22 of oxide materials is critical.

With respect to most photochemical applications, Anatase is the most photocatalyti-

cally active TiO2 polymorph that naturally forms under ambient conditions,5,11,23 though its

wide band gap (Eg = 3.0-3.2 eV) limits its solar energy conversion efficiency.19,24,25 Recent

theoretical studies have postulated that the TiO2 band gap can be tuned by changing its

polymorphic structure from that of Anatase (tetragonal) to a cubic structure such as Fluo-

rite19,20 or pyrite.26,27 The thermodynamic stability of these cubic phases under particular

reaction conditions has been considered experimentally28–30 and theoretically,31–33 though

none of these studies conclusively characterize their stability.

Despite the enhanced recombination effects potentially resulting from doping,26 mixed-

metal oxides composed of Fluorite-structured CeO2 and Anatase-structured TiO2 have also

been employed to tune the band gap, additionally improving catalyst properties such as ef-

fective surface area and thermostability.1,2,13,24 Varying CeO2 composition can tune the band

gap to maximize visible light absorption in TiO2-CeO2 catalysts34 and substantially improve

their photochemical activity without known negative consequences.35 With particular con-

sideration to phase stability, materials property characterization can only be fully addressed

via a comprehensive methodology applicable to a broad materials set. Applications such as

CO oxidation employing BO2 supports3 and epitaxial stabilization36,37 employ metal oxide

candidates featuring a wide range of transition metal cations (B = Ti, V, Cr, Mn, Ru, Ir).3,37

Density functional theory (DFT) has been previous applied as a computationally ef-

ficient38,39 component of a methodology capable of predictively characterizing broad sets

of metal oxide properties ranging from relative energetic stability40–42 to electronic struc-

ture.43,44 Furthermore, this methodology should also be able to minimally predict the rela-

tive ordering of values of properties,42 such as the formation energy ordering of various TiO2
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polymorphs,37,45 that are close in value consistently.37,42,45 However, previous use of DFT to

determine the relative energetics of TiO2
37,45,46 structures has yielded functional-dependent

results. Across the development of different basis sets and orbital overlap criteria, use of the

LDA functional consistently predicts the relative energetic favorability of Rutile relative to

Anatase, serving as the only functional capable of consistently demonstrating bulk Rutile

to be more energetically favorable than bulk Anatase over multiple basis sets and orbital

overlap criteria. Under a single basis set and orbital overlap criteria combination, the use of

pure HF exchange can also achieve the relative energetic favorability of Rutile, while all other

combinations of input produce HF functional results with lower relative energetic differences

favoring Anatase than the corresponding energetic differences produced by non-LDA func-

tionals. In all other tested combinations of basis set and orbital overlap criteria, spanning

consideration of HF, LDA, PBE, PBE0, and B3LYP functionals, Anatase is predicted to be

more energetically favorable than Rutile.46

Experimentally and theoretically, the relative phase stability of TiO2 polymorphic struc-

tures has been determined to be strongly affected by particle size,8,12,47 particle shape,26,48

pressure and temperature conditions during synthesis,47,49,50 and the solvent surrounding

that phase.47,48 Studies completed using the ReaxFF method51 have begun to characterize

the relationships between phase stability and these factors52,53 instead of DFT due to com-

putational cost.54,55 Surface structural configurations,56 atomic bond lengths and angles,53,55

and bulk structure equations of state (EOS)52,54 calculated with DFT are used to parame-

terize ReaxFF calculations, thus accurate electronic structure calculations are still needed

to reliably characterize TiO2 phase stability.

Though the reasons for the inconsistent energetic ordering results for TiO2 across func-

tionals are still contested,57 a probable source is the non-systematic error incurred by unphys-

ical electron-electron interactions,58,59 which is commonly observed in 3d transition metal

oxide DFT calculations completed using standard local density (LDA) and generalized gra-

dient (GGA) approximation functionals.40,60 The electron-electron interaction error in these
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calculations can be accounted for using hybrid functionals such as PBE0 and HSE06, in

which the delocalization of 3d Ti electron charge density typical in standard functionals

is countered by the matching localization effects induced by employing exact Hartree-Fock

(HF) exchange.61

Considering that the relative energetic ordering of Rutile and Anatase TiO2 polymorphs

can change when switching between using standard functionals25,32 and exact HF exchange,62

hybrid functionals can apparently resolve the correct relative energetics of TiO2 polymorphs

albeit with large computational expense.38 Though physical electron delocalization behavior

was achieved using 20% HF exchange with Lee, Yang, and Parr correlation in these TiO2

polymorphs,63 physically reasonable behavior was not achieved in oxides such as NiO using

this amount of HF exchange.63,64 Thus, the use of a single percentage of HF exchange cannot

be generalized over many materials and cannot be applied to a predictive methodology.

Electron-electron interaction error can also be accounted for with the Hubbard U model,

which observes Rutile-Anatase energetic ordering changes over specific ranges of U applied

to the 3d orbitals of Ti and gives physical delocalization behavior over the range UTi,3d =

3.0-4.0 eV.63 Furthermore, U parameters between 3.0-3.5 eV have already been calculated

for several TiO2 polymorphs using the first-principles method of linear response theory,65–67

illustrating the potential for employing this method to consistently and accurately predict

phase stability across broad sets of BO2 polymorphs.3,65

This study will focus on determining the extent to which a consistent relative energetic

ordering can be achieved over calculations that vary in functional and pseudopotential se-

lection. Under typical ambient conditions, three naturally occurring TiO2 polymorphs are

expected to occur, namely Rutile, Anatase, and Brookite.3,11,12,25,47 Rutile has been exper-

imentally shown to be the only naturally occurring stable bulk TiO2 polymorph,8,12,25,68

thus this study will investigate whether DFT can consistently confirm that the Rutile →

Anatase and Rutile→ Brookite formation energies are positive. Additionally, this study will

confirm whether DFT can predict a consistent ordering of the metastable TiO2 polymorphs
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Anatase and Brookite, namely ERutile <EAnatase <EBrookite or ERutile <EBrookite <EAnatase.

Though experimental studies have shown that factors such as TiO2 particle size and synthe-

sis temperature can impact the relative stability of TiO2 polymorphs that are less thermo-

dynamically accessible than Brookite and Anatase,49,50 extensive research on the bulk phase

stability of TiO2 with the application of hydrostatic pressure have shown that the Columbite

TiO2 polymorph is the next most accessible phase during compression,21,29,69–72 decompres-

sion,25,30 or both68,73 cycles. Therefore, this study will investigate whether the Rutile →

Anatase and Rutile → Brookite formation energies are consistently less than that of Ru-

tile → Columbite. Ranges of Hubbard U values40,58–60 and fractions of exact exchange61,63

will be applied to DFT calculations to assess the intervals within which consistent relative

energetic orderings can be achieved.63,74 Linear response theory will be applied to deter-

mine whether first-principles methods can calculate U values that reliably fall within those

intervals a priori.65,75

Methodology

Four polymorphic TiO2 structures were investigated in this study, namely Rutile (space group

P42/mnm), Anatase (space group I41/amd), Brookite (space group Pbca), and Columbite

(space group Pbcn). This study will not focus on the synthetically formed Ramsdellite

(TiO2(R)) and Hollandite (TiO2(H)) polymorphs that can be thermodynamically accessible

under ambient conditions.31 Initial input for the atomic positions and lattice parameters

of these structures was provided from experimental data.76 In all calculations involving

relative energetic ordering, unit cell representations of the Rutile (6 atom), Anatase (6 atom),

Columbite (12 atom), and Brookite (24 atom) polymorphs were evaluated. The Birch-

Murnaghan equation of state (EOS) was employed to calculate the ground state energies of

these systems.77

With respect to the Vienna Ab-initio Simulation Package (VASP) calculations78,79 com-
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pleted in this study, all pseudopotentials used were generated by the projector augmented

wave (PAW)80 method. Relative energetic ordering was tested using the local density ap-

proximation (LDA)81 exchange-correlation functional and four generalized gradient approx-

imation (GGA) functionals, featuring the Perdew-Burke-Ernzerhof (PBE),82 Perdew-Burke-

Ernzerhof for solids (PBEsol),83 Armiento-Mattsson (AM05),84 and Perdew-Wang (PW91)85

parameterizations. VASP version 5.2.12 was used in all calculations except for those involv-

ing the PW91 functionals, which used VASP version 5.3.5.78,79 Using the PBE functional, five

combinations of Ti and O pseudopotentials were investigated in energetic ordering calcula-

tions. They are labelled Ti and O (the default pseudopotentials), Ti pv (treating p electrons

as valence electrons) and O, Ti sv (treating s electrons as valence) and O, Ti pv and O s

(soft pseudopotential for oxygen), and Ti sv and O s in the VASP software package. Differ-

ent available PAW pseudopotentials for O, including the harder O pseudopotential (O h),

were not investigated due to the higher required energy cutoffs required by their use.78,79

The rotationally invariant Dudarev implementation of the Hubbard U model was used

to account for electron-electron interaction error in spin-polarized, paramagnetic (PM) TiO2

polymorph calculations.63,86 In this implementation, the on-site Coulombic (U) and Ex-

change (J) terms are combined into a single effective U parameter (Ueff ) to account for

errors in exchange correlation on Ti 3d orbitals.86 Calculations completed using this proce-

dure in VASP employed a 600 eV plane-wave energy, an 8× 8× 8 Monkhorst-Pack87 k-point

sampling mesh set with respect to each TiO2 unit cell (containing 6, 12, or 24 atoms), and

a 0.01 eV/Å force tolerance on each atom.

Corresponding calculations employing the PBE088 and HSE0689,90 hybrid functionals

(VASP version 5.2.12) and PAW pseudopotentials were completed for the Rutile and Anatase

TiO2 polymorphs. Calculations completed using this procedure employed a 550 eV plane-

wave energy, a 6 × 6 × 6 Gamma point centered40 k-point sampling mesh set with respect

to each tested TiO2 unit cell (containing 6 atoms), and a 0.02 eV/Å force tolerance on each

atom. Calculation of paramagnetic, first-principles derived Hubbard U values for pertinent
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TiO2 polymorph systems is accomplished via implementation of linear response theory in

VASP (version 5.3.5).60,65,91 These linear response calculations demonstrated the effects of

varying Ti pseudopotential selection (Ti, Ti pv, or Ti sv) and GGA functional parameter-

ization (PBE or PBEsol), employing a 600 eV plane-wave energy cutoff and an 8 × 8 × 8

Monkhorst-Pack87 k-point sampling mesh set with respect to each TiO2 unit cell. 2× 2× 2

supercells were used to perform linear response calculations on Rutile (48 atoms), Anatase

(48 atoms), and Columbite (96 atoms) systems, while a 2 × 2 × 1 supercell was applied in

corresponding calculations on Brookite (96 atoms). These selections were made to balance

the computational expense of performing linear response calculations on larger systems with

the possible ”delocalized background” contributions to calculated U values resulting from

the necessary use of finite supercells.65

Further information on the procedures used to complete calculations involving Ueff , hy-

brid functionals, and linear response U values, as well as information on structural relaxation

approaches used in particular EOS calculations, can be found in the Supporting Information

document for this study.

Results and Discussion

The results of evaluating the energetic ordering of Rutile, Anatase, Columbite, and Brookite

TiO2 polymorphs as a function of the Hubbard U3d parameter on Ti 3d orbitals are cal-

culated and presented in accordance with several conventions. Firstly, formation energies

used to evaluate energetic ordering, which are calculated as the DFT total energy differences

between Rutile and any other polymorph, are normalized with respect to the TiO2 formula

unit. Secondly, the ranges of U values over which the relative energetic ordering of stable and

metastable bulk TiO2 polymorphs is consistent with experimental results8,68 are evaluated

over U3d intervals of either 0.0-6.0 eV or 0.0-9.0 eV in 1.0 eV increments. These intervals are

selected due to considerations of energetic ordering switching,74 electron delocalization,63,64
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and U parameter calculation66,67 completed in previous literature reports. Thirdly, despite

the use of first-principles and experimentally fitted U parameters to the 2p orbitals of O in

previous work,67 U parameters were not applied to these orbitals, as the Hubbard U model

can only physically characterize d-d and f -f orbital interactions effectively.92 Experimen-

tal fitting of U values is also not suitable for accurate prediction of energetic properties in

different materials sets3,37 or integration into different first-principles calculations requiring

physically realistic input,54,55 as U values themselves represent intrinsic responses to orbital

occupation perturbation.65,93 Lastly, in order to illustratively compare the relative energetic

differences of any set of polymorphs characterized by any sets of functionals or pseudopoten-

tials studied, a graphical visualization procedure is described in the Supporting Information

document of this study. However, demonstration of the impact of various factors on en-

ergetic ordering will be illustrated through several figures within this study. These figures

will directly highlight comparisons between GGA (PBE) and LDA functional calculations

(Figure 1), PBE functional calculations incorporating Ti p-shell valence inclusive pseudopo-

tentials (Figure 2), PBE functional calculations incorporating Ti s-shell valence inclusive

pseudopotentials (Figure 3), and GGA functional calculations of varied (PBEsol, PW91,

AM05) parameterization (Figure 4), respectively.

Effects of pseudopotentials

As is shown in Figure 1, the use of softer O psuedopotentials (O s) on calculations employing

the PBE functional has little effect on energetic ordering predictions, which successfully find

Rutile to be the most energetically favorable polymorph above approximately U3d = 2.8 eV,

Brookite to be more stable than Rutile above approximately U3d = 2.0 eV, Anatase to be

less stable than Rutile and consistently more stable than Brookite between approximately

U3d = 2.8-4.0 eV, and Columbite to be the least stable polymorph between approximately

U3d = 0.3-4.3 eV. Therefore, in an approximate range of U3d = 2.8-4.3 eV, all experimentally

expected results for energetic ordering criteria are met. In contrast, use of the LDA func-
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tional shows Rutile to be the most energetically favorable polymorph above approximately

U3d = 1.5 eV, Brookite to always be more stable than Anatase though less stable than Rutile

above approximately U3d = 0.9 eV, and Anatase to be less stable than Rutile and Brookite

above approximately U3d = 0.4 eV. However, Columbite is never predicted to be the least

energetically stable of the four phases at any tested U3d value when using the LDA func-

tional. Therefore, LDA is not capable of entirely resolving experimentally consistent relative

energetic stability upon applying any single value of U3d to all tested TiO2 polymorphs.

Figure 1: Relative energetic (∆E) differences between an Anatase (A), Columbite (C), or
Brookite (B) polymorph and a Rutile (R) polymorph calculated with the same functionals
(GGA-PBE or LDA functionals, Ti and O pseudopotentials) and pseudopotential sets (PBE,
Ti and O s). Relative energies, which are all normalized with respect to the TiO2 three atom
formula unit and set with respect to Rutile energies for given functional and pseudopotential
combinations (black line), represent less stable polymorphs over values of U3d when above
the black line. The range of experimentally consistent energetic orderings for all plotted
energetic relationships (2.8-4.3 eV) is highlighted by the purple area.

Comparison of Brookite and Columbite results achieved with different functionals reveals

that – with respect to the PBE functional phase lines of varying U3d parameter magnitude in
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Figures 1, 2, 3, and 4 – the relative formation energy of LDA functional resolved Brookite in-

creases and Columbite decreases. Nevertheless, the largest change in LDA functional results

is seen in the large upward shift of the relative formation energetics of Anatase. Figures 2 and

3, which incorporate p-shell and s-shell valence inclusive Ti pseudopotentials and O pseu-

dopotentials of varying softness, demonstrate similar energetic behavior. In both Figures,

which feature four pseudopotential combinations, Columbite is the least stable polymorph

above approximately U3d = 1.0 eV and Brookite is the next least stable between approx-

imately U3d = 3.1-7.0 eV. However, the relative energetics of the p-shell valence inclusive

Ti pseudopotential calculations show that Anatase is unphysically more stable than Rutile

at U3d values less than 4.7 eV, whereas the analogous change in energetic favorability oc-

curs at approximately U3d = 5.8 eV in calculations featuring s-shell valence inclusive Ti

pseudopotentials.

With respect to the value of U3d at which Rutile-Anatase energetic ordering changes,

these two sets of calculations are more consistent with previously derived results.74 Over-

all, the results analyzed thus far indicate that, for all VASP calculations incorporating the

PBE parameterization of the GGA functional in accompaniment with varied types of Ti and

O pseudopotentials, there exists a pseudopotential-dependent U3d range at which the poly-

morph energetic ordering ERutile <EAnatase <EBrookite <EColumbite is maintained. In Figures 2

and 3, an energetic ordering consistent with experimental results, namely ERutile <EAnatase

<EBrookite <EColumbite, is respectively maintained within the intervals 4.7-7.0 and 5.8-8.2 eV.

These U3d ranges are largely maintained regardless of whether soft (O s) or standard (O)

oxygen pseudopotentials are used.

Effects of exchange-correlation functionals

As shown in Figure 4, the relative energetics of several sets of calculations involving different

types of GGA functionals consistently reveal ranges of U3d over which the ERutile <EAnatase

<EBrookite <EColumbite energetic ordering is preserved. In this Figure, results for the TiO2
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Figure 2: Relative energetic (∆E) differences between an Anatase (A), Columbite (C), or
Brookite (B) polymorph and a Rutile (R) polymorph calculated with the same pseudopoten-
tial sets (GGA-PBE functionals, Ti pv and O or Ti pv and O s pseudopotentials). Relative
energies, which are all normalized with respect to the TiO2 three atom formula unit and set
with respect to Rutile energies for given functional and pseudopotential combinations (black
line), represent less stable polymorphs over values of U3d when above the black line. The
range of experimentally consistent energetic orderings for all plotted energetic relationships
(4.7-7.0 eV) is highlighted by the purple area.

Brookite polymorph featuring use of the AM05 functional were omitted due to convergence

issues. In the case of PW91 and AM05 functionals, Anatase becomes more stable than Rutile

at around U3d = 2.7 or 2.8 eV (respectively) and remains less favorable than Columbite until

approximately 4.3 or 4.0 eV (respectively). In the case of the PBEsol functional, an upward

shift in the relative energy of Anatase (w.r.t. that of Rutile) causes Anatase to become

more favorable than Rutile at around U3d = 1.6 eV and less favorable than Columbite at

approximately U3d = 2.1 eV. While PW91 Brookite becomes more favorable than Rutile

above approximately U3d = 2.0 eV and stays less favorable than Anatase below approximately

U3d = 4.0 eV, PBEsol Brookite becomes more favorable than Rutile at approximately U3d =
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Figure 3: Relative energetic (∆E) differences between an Anatase (A), Columbite (C), or
Brookite (B) polymorph and a Rutile (R) polymorph calculated with the same pseudopoten-
tial sets (GGA-PBE functionals, Ti sv and O or Ti sv and O s pseudopotentials). Relative
energies, which are all normalized with respect to the TiO2 three atom formula unit and set
with respect to Rutile energies for given functional and pseudopotential combinations (black
line), represent less stable polymorphs over values of U3d when above the black line. The
range of experimentally consistent energetic orderings for all plotted energetic relationships
(5.8-8.2 eV) is highlighted by the purple area.

1.5 eV though remains less favorable than Columbite until U3d = 2.4 eV largely due to the

increased formation energy values of Anatase.

Similarly, PW91 and AM05 Columbite are the least energetically favorable polymorphs

within their functionals in the approximate range of U3d = 0.4-4.1 eV or 0.4-4.3 eV (re-

spectively), while PBEsol Columbite is least favorable within the narrower U3d = 0.8-2.1

eV range. Thus, all VASP calculations incorporating GGA functionals preserve the ERutile

<EAnatase <EBrookite <EColumbite energetic ordering within ranges of U3d values on Ti, the

breadth of which is most likely and prominently impeded by underestimation of the stability

of Anatase relative to Rutile. The data sets featuring the PBEsol GGA (Figure 4) and LDA
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(Figure 1) functionals most prominently illustrate this characteristic. Over all values of U3d,

these Figures also consistently illustrate a slighter increase in the relative formation energy of

Brookite and a comparable decrease in the relative formation energy of Columbite. However,

the magnitudes of these shifts in formation energy trends are only capable of impacting the

size of the U3d range in which the ERutile <EAnatase <EBrookite <EColumbite energetic ordering

exists, instead of entirely precluding the existence of such a U3d range.

As was observed in previous research for the LDA functional46 and shown above for LDA

and PBEsol functionals, a consistent shift of the Rutile-Anatase relative energetic trend oc-

curs for all values of U tested. Previous research has indicated that functional selection has

demonstrated little effect on calculated TiO2 Rutile and Anatase band gaps74,94 and that

cell volumes for matching systems have been shown to be consistently lower when apply-

ing PBEsol and LDA functionals than PBE functionals.37 Therefore, the constant energetic

shifts of LDA and PBEsol Rutile-Anatase energetic trends appear to be linked to changes

in equilibrium volume rather than electronic structure. In contrast, electronic structure fea-

tures such as band gap have been proposed to be more directly linked to U parameters placed

on the 2p orbitals of O anions rather than the 3d orbitals of Ti cations in TiO2, as the ap-

plication of high magnitude U 3d,Ti values needed to reproduce experimental band gaps does

not reproduce physical vacancy defect states.95,96 With respect to previous first-principles

research concerning first-principles Rutile74,97 and Anatase98,99 electronic structure calcula-

tions, the changing of Rutile-Anatase energetic ordering across these energetic trends appears

to be most strongly related to the narrowing and upward contraction of Ti 3d conduction

band densities of state with the increase of U 3d,Ti. A comparison between bulk Rutile97 and

Anatase99 band structures reveals that, with respect to their corresponding GGA electronic

structures, the contribution of comparable values of U 3d,Ti to both polymorphs dispropor-

tionately changes the differences between their conduction band (CB) minima and valence

band (VB) maxima. Thus, this disproportionality between changes in the CB-VB differences

of Rutile and Anatase with the incrementation of U, which features greater increases in the
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CB-VB difference of Rutile with increasing U resulting from a more pronounced contraction

of the Ti 3d states occupying its CB minima, serves to possibly indicate a physical link be-

tween changes in Rutile-Anatase relative energetic ordering and the corresponding electronic

structures of Rutile and Anatase.74

Figure 4: Relative energetic (∆E) differences between an Anatase (A), Columbite (C), or
Brookite (B) polymorph and a Rutile (R) polymorph calculated with the same functional
parameterizations (GGA functional with PBEsol, PW91, and AM05 parameterizations, Ti
and O pseudopotentials). Relative energies, which are all normalized with respect to the
TiO2 three atom formula unit and set with respect to Rutile energies for given functional
and pseudopotential combinations (black line), represent less stable polymorphs over values
of U3d when above the black line. The range of experimentally consistent energetic orderings
for all plotted energetic relationships (2.8-4.0 eV) is highlighted by the purple area.

Linear response U

In order to evaluate the extent to which relative TiO2 polymorph energetics can be pre-

dicted, the linear response method65,75 is employed to calculate the first-principles values

of the Hubbard U applied to all Ti cations in each system. In past research, a significant
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range of first-principles calculated U values have been resolved for Rutile TiO2 polymorph

systems, namely those studied to evaluate different properties of interest. For example,

a U3d,T i value of 0.15 eV was achieved and applied to calculations improving TiO2 band

gap estimation relative to experimentally calculated values,96 while a corresponding value

of 4.95 eV was achieved and implemented in calculations comparing large sets of surface

adsorption energetics to matching oxygen evolution reaction (OER) activity trends.100 Fur-

thermore, application of the self-consistent extension75 of the linear response approach to

comparatively model intrinsic defect behavior in TiO2 Rutile and Anatase achieved respec-

tive first-principles resolved U values of 3.23 and 3.25 eV for each system.67

As shown in Table 1, the U values achieved in this study are not only comparable to

several previously calculated values, but also illustrate possible reasons for differences in

those previously calculated U values. When applying the PBE functional parameterization

and the p-valence inclusive Ti pseudopotential to the linear response calculation of U3d,T i for

Rutile in VASP, a U value of 4.773 ± 0.267 eV is resolved. This result, which is consistent

with that achieved by Xu et al. (4.95 eV) within uncertainty,100 was obtained in Quantum

Espresso (QE)101 while using the same functional as that applied in Xu et al. and a semi-

core p-valence state inclusive, Ultrasoft, GBRV Ti pseudopotential featuring a non-linear

core correction.102 Similarly, applying the PBE functional parameterization and a standard

pseudopotential in VASP calculations yields a result of 3.102 ± 0.137 eV, which is equivalent

to the QE resolved result shown in Mattioli et al. (3.23 eV) within uncertainty.67 This

result from Mattioli et al. was achieved while also using the PBE functional and a highly

similar Ultrasoft pseudopotential, which differs from its GRBV analogue predominately in

its lack of non-linear core correction.101,103 Despite the difference in the software package

used to calculate U value results in this paper (VASP) and past research (QE), strong

similarity between the effects of implementing p-valence inclusive Ti pseudopotentials in

VASP and including a non-linear core correction in a semi-core valence state inclusive Ti

pseudopotential in QE is evident. Thus, when considering the effects of pseudopotential
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selection on TiO2 polymorph linear response U calculation independent of other factors, the

use of pseudopotentials that include core states in their valence configurations apparently

and systematically increases the values of calculated U results.

The extent to which this increase in calculated U values affects all considered polymorphs

is additionally illustrated in Table 1, as Rutile U values largely uniformly increase from 3.102

eV to 6.030 or 4.773 eV in the cases of s-valence and p-valence inclusive pseudopotentials, re-

spectively. Anatase U values also largely uniformly increase from 2.929 eV to either 5.321 or

4.295 eV for p-valence and s-valence inclusive pseudopotentials, respectively. Consideration

of the Rutile-Anatase relative formation energy U range results derived in past research74

or formerly in this study, in conjunction with the established link between pseudopotential

selection and U value, reveals that both U values and their associated formation energies

increase proportionately with changes in pseudopotential selection. In the case of changing

from standard to p-valence or s-valence inclusive Ti pseudopotentials in Rutile-based calcu-

lations, changes in U values and experimentally consistent U ranges are equivalent and ener-

getic ordering predictions are conserved within uncertainty as pseudopotentials are changed.

However, this does not occur in the case of p-valence and s-valence inclusive pseudopotentials

for Anatase-based calculations. In this case, p-valence and s-valence Anatase-based calcula-

tions would require U values and associated uncertainties that respectively spanned ranges

encompassing 4.7 and 5.8 eV, though Table 1 indicates that this is only true for Rutile-based

calculations. A possible explanation for this inequivalence of U value and U range changes

when assessing the Anatase polymorph is proposed in the Supporting Information document.

In contrast to changes in pseudopotential selection, changing the functional from PBE to

PBEsol while maintaining standard pseudopotential selection does not cause a proportional,

joint shift of calculated U values and experimentally consistent U ranges. This results from

the non-systematic upward shift observed by the Rutile-Anatase formation energy curve, as

is shown in Figure 4. Though both Rutile and Anatase calculated U values decrease signifi-

cantly when considering PBEsol functional results (w.r.t. PBE results) within uncertainty,
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neither polymorph U value spans the narrow 1.5-2.1 eV U range within which experimen-

tal energetic ordering consistency is achieved. Results employing the PBE functional and

standard pseudopotentials are available for all four studied polymorphs. Within uncertainty,

each of their U values is explicitly above 2.8 eV and below 4.3 eV. Thus, in accordance with

the U ranges visualized in Figure 1, these calculated U results indicate that the energetic

ordering of all four polymorph systems is necessarily experimentally consistent via the re-

lationship ERutile <EAnatase <EBrookite <EColumbite. Additionally, within uncertainty, all four

polymorphs share a common set of U values through which they can be directly energetically

compared.

Table 1: Linear response calculated U parameter values corresponding to the
3d orbitals of Ti cations, distinguished by the functionals and pseudopotentials
used to calculate them. Uncertainties and sigificant figures are resolved via error
propagation methods corresponding to the reported measurement precision of
orbital occupations (± 0.001) on the perturbed cation.

Polymorph Functional Pseudopotentials U (eV)
Rutile PBE Ti, O 3.102 ± 0.137
Anatase PBE Ti, O 2.929 ± 0.133
Columbite PBE Ti, O 2.983 ± 0.137
Brookite PBE Ti, O 2.934 ± 0.128
Rutile PBEsol Ti, O 2.727 ± 0.120
Anatase PBEsol Ti, O 2.558 ± 0.117
Rutile PBE Ti pv, O 4.773 ± 0.267
Anatase PBE Ti pv, O 4.295 ± 0.243
Rutile PBE Ti sv, O 6.030 ± 0.392
Anatase PBE Ti sv, O 5.321 ± 0.370

Impact of hybrid functionals and fraction of exact exchange

The use of different functionals has been shown to impact predictions of possible energetic

ordering in stable, metastable, and unstable TiO2 polymorphs, particularly affecting the

Rutile-Anatase relative formation energy trend while varying U3d. In past research, vary-

ing the U3d on Ti 3d orbitals as a tunable parameter over ranges comparable to 2.8-4.3

eV, namely the range shown capable of achieving experimentally consistent energetic or-
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dering previously, has been demonstrated to affect the physicality of electron localization

on those Ti 3d orbitals.63,64 Hybrid functionals have been shown capable of affecting the

relative energetic ordering of Rutile and Anatase to the possible extent of reversing their

ordering.62 Proposals of the relationship between variation in the fraction of exact exchange

contributed to a hybrid functional and the relative localization of valence (3d) electrons on

Ti cations63,64 and in general applications61 have been made in past research. Considering

that achieving physical electron localization behavior on Ti cations has been demonstrated

possible by tuning either U3d in Hubbard U calculations or the fraction of exact exchange

in hybrid functional calculations,63,64 a Rutile-Anatase relative formation energy consistent

with experimental expectations should be achievable within a range of either U3d values or

fractions of exact exchange.

In accordance with the calculation of U3d intervals containing an experimentally consis-

tent Rutile-Anatase energetic ordering, Figure 5 illustrates the fractions of exact exchange

contributed to the PBE0 and HSE06 hybrid functionals in order to achieve ERutile <EAnatase.

When reviewed over several fractions of exact exchange (a = 0.00, 0.25, 0.50, 0.75, 0.825,

0.875, 0.95, and 1.00),88,89 the PBE0 and HSE06 hybrid functionals both initially observe a

monotonic upward trend when increasing the fraction of exact exchange, starting at a shared

relative Rutile-Anatase formation energy of approximately -0.081 eV/TiO2. Energetic order-

ing changes from EAnatase <ERutile to ERutile <EAnatase occur for the PBE0 hybrid functional

at approximately a = 0.72 and occur for the HSE06 hybrid functional at approximately

a = 0.78. As further detailed in the Supporting Information document, these monotonic

increases in Rutile-Anatase relative formation energy appear to occur until the limit of HF

exact exchange is reached.

For the HSE06 and PBE0 functionals, formation energy peaks are separated by approx-

imately 0.015 eV/TiO2, with PBE0 having a higher peak located between 0.040 and 0.045

eV/TiO2. A more exact interpolation of the points at which the Rutile-Anatase relative

formation energy peaks and reverts back to EAnatase <ERutile is impaired by both the nar-
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rowness of the range of a over which the monotonic decline in formation energy is observed

and the low number of data points resolved within that range. Despite the achievement

of an experimentally consistent reversal in the Rutile-Anatase relative energetic ordering at

higher fractions of HF exact exchange, improvement of the exact exchange fraction in Lee,

Yang, and Parr (LYP) parameterized hybrid functionals from 20% (B3LYP or Becke, three

parameter, Lee-Yang-Parr) to 50% (H&HLYP or Half and Half, Lee-Yang-Parr) led to the

calculation of physically unrealistic electronic structures in Rutile and Anatase TiO2.63,64

Therefore, even though the improvement of exact exchange fraction in hybrid functionals

can lead to experimentally consistent energetics in BO2 systems, the physicality of the elec-

tronic structure yielding those structures cannot be guaranteed using solely hybrid functional

energetic calculations.

Despite the evidence of consistent change in Ti 3d electron localization and delocalization

behavior with the incrementation of U3d value or exact exchange fraction (a),61,63 the Rutile-

Anatase relative formation energy trend is clearly not monotonic over all values of the exact

exchange fraction. Therefore, electron localization on Ti 3d orbitals cannot be the only

factor impacting relative formation energetics in Rutile and Anatase polymorphs. The short-

range, long-range (SR-LR) separation parameter (ω = 0.2) of the HSE06 hybrid functional,89

which distinguishes it from the related PBE0 functional, defines the long-range distance after

which HF exchange is replaced with PBE exchange in these calculations. This replacement of

exchange has clear effects on the relative Rutile-Anatase energetics when considering that the

range in which HSE06 achieves ERutile <EAnatase is significantly narrower than that of PBE0,

while the interpolated peak of the monotonic increase in HSE06 is also significantly lower

than that of PBE0. Though the removal of long-range HF exchange clearly affects energetics,

this contribution to energetics is insufficient to prevent the Rutile-Anatase energetic ordering

change, as both PBE0 and HSE06 feature a Rutile-Anatase energetic ordering change.

Further analysis of data involving several features linked to the non-monotonic trend

formed by varying the fraction of HF exchange are developed in the Supporting Information
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document for this study. For both polymorphs in both hybrid functionals tested, a sum-

mary of these results reveals that the inversely proportional relationship between Rutile and

Anatase cell volumes and the Rutile-Anatase formation energy is very strong, illustrating

that an analogue of the relationship between atomic structure and relative energetics found

when varying U in Hubbard U calculations is also present when varying the HF exchange

fraction in hybrid functional calculations.103,104 In the case of Rutile, cell volume first de-

creases in proportion with the initial monotonic trend in relative formation energy then

increases upon reversal of the trend, yielding system volumes at the HF exact exchange limit

(a = 1.0) that vary across tested functionals. In the case of Anatase, the same increasing

and decreasing trends in cell volume are present, though the system volume at the HF exact

exchange limit more consistently matches that observed when a = 0.25 for both PBE0 and

HSE06 functionals.

When reviewing contributions to the expansion and contraction of the Rutile and Anatase

unit cells with the addition of HF exchange across both hybrid functionals, a component of

cell volume that changes highly proportionately with Rutile-Anatase formation energetics

is the c/a ratio of Rutile. A similar level of proportionality can be observed in comparing

the relationship between the c/a ratio of Anatase and HF exchange fraction with the rela-

tionship between corresponding Anatase cell volumes and HF exchange fractions. In these

relationships, which are depicted in the Supporting Information document, all volumetric

information is normalized with respect to the volumetric datum possessing the lowest HF

exchange fraction in each plot. This normalization, which is accomplished for each system

and each material property plotted, facilitates the direct comparison of different systems and

reveals the apparent proportional relationships shared by different systems across the same

property. In both proportional relationships, the non-monotonicity originally observed in

the Rutile-Anatase formation energy trend as a → 1 is observed, namely as a discontinuity

of decreasing magnitude in the c/a ratio of Rutile and one of increasing magnitude in the c/a

ratio of Anatase, the cell volume of Rutile, and the cell volume of Anatase. Therefore, the
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discontinuity observed in formation energy can be strongly linked to variations in multiple

structural properties independent of long-range exchange interaction screening, inferring that

the physicality of the energetic discontinuity can be more directly determined via compar-

isons between the structural features yielded from experimental results and first-principles

calculations.

In connection with the discontinuity shared by Rutile-Anatase formation energetics and

the c/a ratio trends of Rutile and Anatase that both vary with HF exchange fraction, con-

tinuous portions of those trends share common characteristics. These shared characteristics

include the direct relationship between the c/a ratio of Rutile and the Rutile-Anatase for-

mation energy as a function of exact HF exchange, in addition to the inverse relationship

between the corresponding c/a ratio of Anatase and that formation energy. These rela-

tionships directly relate the Rutile-Anatase formation energy with relative changes in c-axis

length for Rutile and a-axis length for Anatase. When considering previous conclusions

stating that electron localization on Ti 3d orbitals cannot be the only factor influencing

Rutile-Anatase formation energetics and that neglecting to consider long-range exact ex-

change interactions in HSE06 was not sufficient to change relative energetic ordering, the

possible link between short-range interactions and changes in the lengths of the shorter axes

of both tetragonal polymorphs with corresponding changes in Rutile-Anatase relative ener-

getic ordering can be developed. Previous research indicates that van der Waals dispersion

interactions, which are accounted for by short-range energetic contributions proportional

to r -6 (r represents interatomic distances), are expected to occur in TiO2 Rutile, Anatase,

and other polymorphs.57,105 Given the poor overlap between TiO2 Rutile and Anatase ex-

perimental cell volumes and cell volumes with experimentally consistent energetic ordering

shown in the Supporting Information,37 the introduction of both short-range dispersion and

electron-electron interaction corrections to simultaneously achieve experimentally consistent

energetic and structural information of improved accuracy is strongly supported by analysis

completed in this research.
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Given the connection between structure and Rutile-Anatase formation energetics in TiO2

polymorphs, the calculation of formation energetics in similarly structured BO2 polymorphs

using hybrid functionals can also be affected by discontinuities, especially when considering

the small magnitude of relative energetic changes resulting from variation in U or a for TiO2

polymorphs. When measuring the maximum error that can result from using a PBE or HF

non-hybridized functional rather than a hybrid functional, the HF exchange fraction of which

is set with respect to the interpolated maximum of each formation energy trend (a → 1),

the relative energetic differences between the results produced by either the HSE06 or PBE0

functional with a → 1 and corresponding results produced via a non-hybridized PBE or HF

functional range from 0.068 to 0.127 eV/TiO2. As shown in the Supporting Information and

previous research,37 epitaxial stabilization of similarly composed polymorphs occurs within

an energetic window of 0.1-0.2 eV. Considering that the maximum error reported previously

observes the same order of magnitude of the energetic window implemented in epitaxial

stabilization applications, the a priori use of hybrid functionals as a predictive tool capable

of materials selection in these applications is questionable.

Conclusions

In this study, the relative energetic ordering of Rutile, Anatase, Brookite, and Columbite

TiO2 polymorphs has been assessed using DFT+U and hybrid functional methodologies.

The relative formation energies of Anatase, Brookite, and Columbite with respect to Rutile

were evaluated over variation in the U 3d parameter on Ti in Hubbard U calculations and the

fraction of exact exchange in PBE0 and HSE06 calculations. Past research not incorporating

Hubbard U or hybrid functional methodologies of these TiO2 polymorphs has indicated that

their energetic ordering varies with functional selection.37 However, when incorporating a

Hubbard U methodology, energetic trends resulting from variation in U are able to clearly

resolve an energetic ordering consistent with experiment that persists regardless of the GGA-
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Figure 5: Relative energetic (∆E) differences between an Anatase (A) or Columbite (C) and a
Rutile (R) polymorph calculated using the PBE0 and HSE06 hybrid functionals and standard
Ti and O pseudopotentials. Relative energies, which are all normalized with respect to the
TiO2 three atom formula unit and set with respect to Rutile energies for given functionals
(black line), represent less stable polymorphs over fractions of HF exact exchange when
above the black line.

based functionals or pseudopotentials employed. In addition to using the LDA functional,

this evaluation was completed using the GGA-based functionals PBE, PBEsol, AM05, and

PW91. Also, multiple permutations of the s-valence inclusive Ti (Tisv), p-valence inclusive Ti

(Tipv), soft O (Os), standard Ti (Ti), and standard O (O) pseudopotentials were considered

in this evaluation. Relative energetic orderings consistent with experimental expectations

included ERutile <EAnatase <EBrookite <EColumbite, ERutile <EBrookite <EAnatase <EColumbite, or

ERutile <EAnatase <EColumbite.25,68

When applying the PBE, AM05, and PW91 functionals in accompaniment with standard

or Os pseudopotentials, an interval of U values between approximately 2.8-4.0 eV demon-

strated relative energetic ordering consistent with experiment for all polymorphs studied.
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Inclusion of the Tipv or Tisv pseudopotentials on PBE calculations preserved an interval of

energetic ordering consistent with experiment that was qualitatively similar to those achieved

using standard pseudopotentials. However, in the cases of Tipv and Tisv inclusive calcula-

tions, these energetic orderings differed from their PBE analogues largely by being shifted

rightward with respect to them, as these qualitatively consistent energetic intervals occurred

at U=4.7-7.0 and 5.8-8.2 eV, respectively. As a predominant result of upward shifts of the

Rutile-Anatase energetic trends within them, the PBEsol functional with standard pseudopo-

tentials observed an energetic ordering consistent with experiment within the U interval of

1.5-2.1 eV, whereas the LDA functional did not produce an experimentally consistent ener-

getic ordering at any value of U .

First-principles derived values of U , which have been achieved from linear response the-

ory calculations performed in this study and past research,67,100 were applied to determine

whether experimentally consistent relative energetic ordering can be predicted in TiO2 poly-

morphs. Application of either the first-principles derived U values from this work or corre-

sponding results from other research67,100 indicates that experimentally consistent results can

at least be achieved with the PBE, AM05, and PW91 functionals accompanied by standard

pseudopotentials. In past research,63,67 an approximate U value of 3 eV has been assigned to

Rutile and Anatase polymorph Ti cations to improve the physicality of electronic structure

properties relative to experimental results. Application of this U value, or corresponding

values calculated via linear response, to the Rutile-Anatase formation energy reveals a result

within the range of 0.00 and 0.01 eV/f.u., which is in strong quantitative agreement with

past experimental results.74,106

The Rutile-Anatase relative formation energy, which was most responsible for inconsis-

tencies in relative energetic ordering predictions across functionals, was more extensively

analyzed using hybrid functional calculations, namely by calculating formation energy as a

function of exact exchange using both the PBE0 and HSE06 hybrid functionals. For PBE0

and HSE06 functionals, experimentally consistent ERutile <EAnatase energetic ordering was
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achieved at fractions of exact exchange of approximately 0.72 and 0.78, respectively, indicat-

ing that controlling the charge localization and delocalization in Ti 3d orbitals can produce

experimentally consistent energetics. However, in the limit of 100% exact HF exchange,

Rutile-Anatase energetic ordering was shown to revert to an experimentally inconsistent

energetic ordering. For both TiO2 Rutile and Anatase, structural features observed strong

inverse or direct relationships with formation energetics. Given these connections between

structure and energetics and the relative energetic error associated with the inability to select

a single fraction of exact exchange for both Rutile and Anatase predictively, the arbitrary

selection of an exact exchange fraction has greater implications on the prediction of relative

energetics in generalized BO2 systems using hybrid functionals. In combination with the

absence of a methodology for predicting a suitable fraction of exact exchange for particular

sets of TiO2 polymorphs, the errors in relative energetic ordering resulting from the use of

hybrid functionals on TiO2 polymorphs suggest care should be taken in their use in predict-

ing relative energetics in less studied BO2 systems. Minimally, these predictive calculations

could require the use of a high fraction of exact exchange not equal to the HF limit to ac-

commodate relative formation energetics similar to the Rutile-Anatase energy, though exact

magnitudes of exact exchange cannot be prescribed based on this study of TiO2 polymorphs.

In each case of varied pseudopotential and functional selection evaluated in this study

for Hubbard U and hybrid functional inclusive calculations, the quantitative differences be-

tween the relative energetics of distinct TiO2 polymorphs, namely energetics contained by

the prescribed ranges of linear response calculated U or experimentally consistent energetic

ordering, are generally within a range of 0.1 eV of one another. Despite the low magnitude

of these energetic differences, the addition of a constant U = 3 eV to the 3d orbitals of

Ti cations has been demonstrated to predict experimentally consistent energetic ordering

within the measurement uncertainty associated with U calculations. Though relative ener-

getic results resolved in this study are most directly related to internal energy100 or formation

enthalpy values achieved while neglecting pressure involved contributions,58,74 the consider-
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ation of energetic contributions beyond those resolved in first-principles ionic and electronic

relaxation calculations is required when applying the BO2 relative energetics yielded in this

study to corresponding Gibbs free energy calculations.107 Previous information has shown

that the consideration of entropy contributions over a wide range (0-1300 K) of temperatures

does not affect Rutile-Anatase energetic ordering, as the magnitude of the standard entropy

of formation of Rutile is strictly greater than that of Anatase over the evaluated temperature

range.108 Past research evaluating the zero-point energy vibrational contributions of TiO2

Rutile and Anatase, which was calculated at U = 0 eV, reveals an approximate difference of

0.02 eV between the two contributions that favors stabilizing Anatase.109,110 Nevertheless,

the calculation of vibrational contributions at finite temperatures using phonon densities

of state (also at U = 0 eV) reveals, in accompaniment with corresponding experimental

data, that a TiO2 Rutile-Anatase phase transformation occurs between 1200 and 1340 K.32

Though both experimental and computational results imply that vibrational contributions

could affect relative energetic ordering in calculated Gibbs free energy results at higher tem-

peratures, these vibrational effects are not anticipated to stabilize Anatase relative to Rutile

in DFT calculations and under experimental conditions not involving elevated temperature

and pressure conditions.

Recent efforts have been made in the determination of distinct exact exchange fractions

suitable for the calculation of properties in individual systems by comparing GW self-energy

calculation contributions to those of hybrid functionals, namely via relating the inverted di-

electric matrix of the screened non-local exchange term of the GW calculation to the fraction

of exact HF exchange contributed to hybrid functional calculations.105,111 Despite the largely

experimentally consistent results achieved when extending this approach to compute a pair

of related reaction energies involving two systems (the TiO2 Rutile polymorph and the Ti2O3

Corundum polymorph) that each possessed a distinct, calculated fraction of exact exchange,

the application of this approach to the relative formation energies involving Rutile, Anatase,

and Brookite TiO2 polymorph pairs yielded an experimentally inconsistent energetic order-
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ing (EAnatase <EBrookite <ERutile).105 Nevertheless, appropriate application of the Hubbard U

method and self-consistent linear response theory enables consistent, precise prediction of

experimental energetic orderings of TiO2 polymorphs and related systems, encouraging the

use of Hubbard U methodologies to predict relative energetic ordering in less studied BO2

systems.
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